
Thus, the limits of applicability for problems of heat and mass t ransfer  of the "chessboard" method are 
broader than follows from the stability conditions (9). 

NOTATION 

Rin, thermophysical t ransfer  coefficients; Rll , coefficient of thermal diffusivity; R22 , diffusion coeffi- 
cient; R12, mass diffusion coefficient; R21 , thermal diffusion coefficient; v(x, t) heat function; u(x, t) mass 
function; h, r ,  grid pitches; ~ ,  v k grid analogs of the functions u, v; G, transition matrix; kin, eigenvalues of 

the matrix G; F(•), characteristic polynomial of the matrix G. 
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SOLUTION OF THE TWO-DIMENSIONAL UNSTEADY 

DIFFUSION EQUATION FOR VORTEX FLOW 

M. A. Puzrin, O. M. Todes, 
and M. Z. Fainitskii 

UDC 66.011 : 518.61 

A numerical method of solution based on the use of probability analogies is presented. An ex- 
ample of a calculation by the scheme developed is given. 

Solid particles in fluidized bed devices take part in both random and directed motions in the form of cir- 
culating flows through the whole reactor [i, 2]. This circulation can be represented as a vortex superimposed 
on the diffusion intermixing of the solid phase. The intermixing process must then be described by an inhomo- 
geneous differential equation for diffusion in vortex flow. It is very difficult or impossible to obtain an analytic 
solution of this equation. The method of finite differences is a universal method for obtaining approximate so- 
lutions of differential equations and is applicable to a broad class of problems [3]. 

Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 30, No. 6, pp. 1107-1111, June, 1976. Original 
article submitted May 22, 1975. 
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Fig.  i .  Vor t ex f lowpa t t e rn .  
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- -  6 

Fig. 2. Change of concentrat ion dis tr ibut ion pa t te rn  
with t ime.  Numbers  on isolines cor respond  to concen-  
t ra t ions :  a) t=  8.33 .10-4; b) t=3 .33  .10-3; c) t=6 .67"  
10-3; d) t=1.25 �9 10 -2, 

A n e c e s s a r y  condition for  the successfu l  applicat ion of d i f ference  methods is the s tabi l i ty  of the approxi-  
mat ion scheme.  The use of probabi l i ty  s chemes  guaran tees  stabil i ty.  The Monte Car lo  method was used in 
[4] to solve the two-dimens iona l  s teady diffusion equation, but the method of counting used becomes  inefficient 
in de te rmin ing  the solution at all  the mesh  points.  

We p r e s e n t  a m o r e  economical  method of solving the two-dimensional  diffusion equation. 

Suppose the equation 

Oc = D ( a2c a~c ~ Oc , v Oc (1) 

is to be solved in a r ec tangu la r  region G = (O,a; O, b) with a boundary F taking the boundary condition 
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0~-nC !~ = 0  (2) 

and the initial  condition 

c (x, y, 0) = m__ 8 (y), (3) 
a 

where  v x and Vy a re  components  of the ve loc i ty  V which sa t i s f i e s  the equations of continuity, vo r t i c i ty  p e rp en -  
d icular  to the plane,  and impena t rab i l i ty  of the boundaries :  

Ox - t - -~  = 0, (4) 

Ov__g _ Ov_~ = ~z, (5) 
Ox 0y 

v.]~ -- 0. (6) 

Since (4) is sa t i s f ied ,  a vec to r  potential  ~ exis ts  which for s teady vor tex  flow sa t i s f i es  P o i s s o n ' s  equation 

O , u  = _ ( 7 )  
Ox 2 + 

and the boundary condition a ~ ' / S F = 0 ,  or  in components:  

a~u~ + a~uz f~ ,  (8) 
Ox ~ OV ~ 

where  f2, = F 6 ( x - - ~ ,  Y ~ l ) ,  and F is the vor t ex  s t rength.  It follows f rom the boundary condition for  u z that  
UzIF = const. Since the ve loc i ty  field is de te rmined  f rom u z sole ly  by di f ferent ia l  opera t ions ,  we can se t  UzlF=0,  
or  in m o r e  detai l ,  

ttxlx=o = U'x=a = 0, Uzly=o = Uz!y=O = O. (9) 

We solve the s y s t e m  (8), (9) by the method of separa t ion  of v a r i a b l e s  used by Gr inberg  to solve e l ec t ro -  
s ta t i cs  p r o b l e m s  [5]. The solution has the fo rm 

F ~_~ [ ch  (2na + b ~ - -  x) ~r - -  cos ~ b Z  (y - -  0) ch (2na + ~b + x) ~t _ cos z (yb + ~1) -1 

ch b - -  cos b b - -  cos b [ 

l--Oh (2na - -  ~ - -  x)_~ __ cos = (9 - -  ~]) ch (2na - -  ~ + x) ~ - -  cos -~ (9 + ~1) -] 
b b b b 

-[- F lg -_  (2na - -  ~ - -  x) ~ .~ (Y + 0) (2na - -  ~ + x) ~ ~ (y - -  11) " I J (lo) 
4~ ~ /oh cos ca --cos 

L b b b b 

The components  of V'can be found by different ia t ing (10) with r e s p e c t  to x and y. Af te r  this we p roceed  
to the solution of the s y s t e m  (l i -(3) .  

We wr i te  the di f ference scheme for (1)-(3): 

c(x~, yj, t~+l)= Pl (x .  yj)c(x~+l, VJ, tD + 

"~ P3 (Xt' Y*I) C (Xi_I, yj, ~k) "~ P3 (Xi' YJ) C (Xi, Y]+l' tk) "AC 

+ p4(xf, y j ) c ( x , ,  YJ-1, tk), (11) 

c (0, y j, t ~ ) =  c (x .  yj, tk), 

c(a,  Yr, t k ) =  c ( a - - A x ,  yf,  tk), (12) 

c (x~, O, t k ) =  c (x .  yl, th), 

c (x v b, t h ) =  c(x , ,  b - - A y ,  th), 

c ( x .  y~, O)= a ~ '  if ! h = O ,  (131 
I O, if y j ~ O .  
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We requ i re  that 
4 

p~ (x~, yj) = 1 (14) 

and 

Ps (xi, y~)> O. (15) 

The scheme (11) approximates  Eq. (1) and sat isf ies  condition (14) for the following values of the coef- 
ficients:  

(49)" ( 1 -b vx (x~, y j)Ax 
Pl (xi, Yj) = 2 [(Ax) z -F (hy) 21 \ 2D ' 

(AY)~ ( 1 
P2 (x~, y~) = 2 [(Ax) ~ + (A9)~'I 

Ps (xf, Y.~)= (Ax)~ 1 + 
2 [(Ax)' + (Ay)2] 

P4 (xi, Y J) = (Ax)2 1 
2 t(ax)= + (Ay)~I 

v,~ (x~, yj) Ax 
2D 

v v (xl, y.~)Ay 
2D 

vy (x~, y~) Ay 

To sa t i s fy  Eq. (15) we choose Ax and Ay So that 

with 

(16) 

i~! vx (xi'2D y j) AX i ~ 1 and Vy (x~,2D y j) Ay ~ 1, 

At = (AY)~ (hx)~ (1 7) 
2D [(Ax) 2 -F (hy)2l 

Equation (11) admits  a probabil i ty  interpretat ion;  the coefficients Ps(Xi, yj) a r e  de termined analytically 
and can be in te rpre ted  as t ransi t ion probabi l i t ies .  

An impor tant  condition for the use of di f ference methods is the sa t i s fac tory  accuracy  of the solution. 
Since the scheme is stable with respec t  to the r ight-hand side [3], its a ccu racy  is the same as the order  of ap- 
proximation and is O((AX)Z+ (Ay)2). With this scheme the p roces s  can be calculated not only with boundary con- 
ditions of the f i r s t  kind but also with boundary conditions of the second and th i rd  kinds, and also in the presence  
of vor t i ces ,  since in this case the veloci ty  at  a point is the vec to r  sum of the veloci t ies  induced at this point by 
each vor tex  separa te ly .  

The p rocess  can be investigated with an a r b i t r a r y  initial concentrat ion distr ibution and a different  ra t io  
of the sides of the apparatus.  As an example a calculation was pe r fo rmed  with the following data: a = 1.5, 
b=2.9,  ~ =0.75, 7=1.45,  D=150,  F = 4 ,  M=10,  ~ x = A y =  0.1. 

The t ime step was found f rom Eq. (17), 

At = 1.67.1O -5. 

The vor tex  flow pat tern is shown in Fig. 1. In the limiting case  ofV ~- 0 pure diffusion occurs .  F o r  D=0 
Eq. (1) degenera tes  into a l inear  different ial  equation. 

In all in termediate  cases  when 0< Ivb/D[ < r diffusion by "tongues" is super imposed on the vor tex flow 
pattern.  

F igure  2 shows isolines of the concentrat ion field at  var ious  t imes.  It is c lear  f rom the figure that the 
concentrat ion levels out with t ime and the p rocess  approaches a s teady state (Fig. 2d). 

N O T A T I O N  

G, rec tangular  region; a ,  width of region G; b, lengthof region G; F, boundary of region G; t ,  t ime; x, y, 
l inear  coordinates;  D, effective diffusion coefficient;  Vx, Vy, veloci ty  components; n, normal  to boundary; 
c(x, y, t), concentrat ion at  point(x,  y) a t t tme  t; M, mass  of mate r ia l ;  ~2z, component of vort ici ty;  u, vec to r  
potential;  F ,  vo r t ex  s trength;  ~, ~, coordinates  of vor tex;  xi ,  yj,  tk, s p a c e - t i m e  coordinates of mesh  points; 
Ax, Ay, At, coordinate and t ime steps.  
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